The multiple soliton and peakon solutions of the Dullin-Gottwald-Holm
  equation by Zha, QiLao
ar
X
iv
:1
61
0.
07
05
1v
1 
 [n
lin
.SI
]  
22
 O
ct 
20
16
The multiple soliton and peakon solutions of the
Dullin-Gottwald-Holm equation
Zhaqilao∗
College of Mathematics Science, Inner Mongolia Normal University, Huhhot 010022, People’s Republic of China
Abstract: Explicit multi-soliton and multi-peakon solutions of the Dullin-Gottwald-Holm
equation are constructed via Darboux transformation and direct computation, respectively. To
this end we first map the Dullin-Gottwald-Holm equation to a negative order KdV equation by
a reciprocal transformation. Then we use the Darboux matrix approach to derive multi-soliton
solutions of the Dullin-Gottwald-Holm equation from the solutions of the negative order KdV
equation. Finally, we find multi-peakon solutions of the Dullin-Gottwald-Holm equation in weak
sense. For α = 12 and α 6= 12 , several types of two-peakon solutions are discussed in detail.
Moreover, the dynamic behaviors of the obtained solutions are illustrated through some figures.
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1 Introduction
In 2001, Dullin, Gottwald, and Holm discussed the following 1+1 quadratically nonlinear equation
(DGH) [1] for a unidirectional water waves with fluid velocity u(x, t),
mt + c0ux + umx + 2mux = −γuxxx. (1)
Here m = u − α2uxx is a momentum variable, partial derivatives are denoted by subscripts, the
constants α2 and γ/c0 are squares of length scales, and c0 =
√
gh is the critical shallow water
speed for undisturbed water at rest at spatial infinity, where h is the mean fluid depth and g is
the gravitational constant g = 9.8m/s2. The DGH equation is related to two separately integrable
soliton equations for water waves, when α = 0 and γ 6= 0, Eq. (1) becomes the Korteweg-de Vries
(KdV) equation [2]
ut + c0ux + 3uux + γuxxx = 0. (2)
And, setting γ = 0 and α = 1, Eq. (1) implies the Camassa-Holm (CH) equation [3]
ut + c0ux − uxxt + 3uux = 2uxuxx + uuxxx. (3)
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Hence, Eq. (1) is an important integrable shallow water wave equation. It has a soliton-liking KdV
equation and peakon-liking CH equation. Dullin et al [1] showed that Eq. (1) has a bi-Hamiltonian
structure and a Lax pair formulation.
Indeed, the DGH equation (1) has been studied in a lot of works [4]-[17]. Guo and Liu [4, 5]
obtained expressions of cusp wave and peaked wave solutions. Tian et al [6], discussed the Cauchy
problem and the scattering problem of Eq. (1). Ai and Gui [7] presented an algorithm for the
inverse scattering problem and studied the low regularity solution of Eq. (1). In [8, 9], the orbital
stability of one single solitary waves and the sum of N peakons for Eq. (1) have been proved. In
[10]-[15], some peakons, kinks, compactons, solitons, solitary patterns solutions and exact solutions
are obtained.
In the case γ = −c0α2, the equation (1) becomes
mt + c0mx + umx + 2mux = 0, m = u− α2uxx, (4)
where c0 is a constant. The existence and uniqueness of global weak solutions to the DGH equation
(4) provided the initial data satisfies certain conditions were derived in [16]. It was shown in [1]
that the DGH equation (4) possesses the following Lax pair with the spatial part
ψxx =
1
4
(
1
α2
+ 4λm)ψ, (5)
and the temporal part
ψt = (
1
2α2λ
− c0 − u)ψx + 1
2
uxψ, (6)
where λ is a spectral parameter.
Chen et al [17] obtained multiple soliton solutions of Eq. (4) with the Darboux transformation
method. Motivated by the interest in the approaches in [17]-[18] and [19]-[21], we study the
multi-soliton, multi-peakon solutions to the DGH equation (4) and their interaction by using the
numerical simulation methods. The paper is organized as follows. In Section 2, the multi-soliton
solutions of the DGH equation (4) are constructed by Darboux matrix approach. In Section 3, the
several types of two-peakon solutions of the DGH equation (4) are derived by different integrable
constants. The conclusions are given in Section 4.
2 Multi-soliton solution
The Liouville transformation [22]
r =
√
m, (7)
2
converts the DGH equation into conservation form
rt + [(c0 + u)r]x = 0. (8)
It permits us to define a reciprocal transformation (x, t) 7→ (y, τ) by
dy = rdx − (c0 + u)rdt, dτ = dt, (9)
and we have
∂
∂x
= r
∂
∂y
,
∂
∂t
=
∂
∂τ
− (c0 + u)r ∂
∂y
. (10)
With the help of the reciprocal transformation (9), the DGH equation (4) is transformed to
rτ + r
2uy = 0, (11)
u = r2 − α2r(ln r)yτ . (12)
According above role we set ψ(x, t) = r−
1
2 (y, τ)φ(y, τ), the Lax pair (5) and (6) become
φyy = λφ +Qφ, (13)
φτ =
1
4α2λ
(2rφy − ryφ), (14)
where Q =
ryy
2r
− r
2
y
4r2
+
1
4α2r2
.
From the compatibility condition of the Lax pair (13) and (14), we derive a soliton integrable
equation
α2Qτ = ry, ryyy − 4Qry − 2Qyr = 0, (15)
which is the negative order KdV (NKdV) equation [23].
In order to study the Darboux transformation (DT) for the Lax pair (13) and (14), first we
rewrite the equation (13) and (14) in the following matrix form
Φy = UΦ =
(
0 1
λ+Q 0
)(
φ
φy
)
, (16)
Φτ = V Φ =

 −
ry
4α2λ
r
2α2λ
r
2α2
+
Qr
2α2λ
− ryy
4α2λ
ry
4α2λ


(
φ
φy
)
. (17)
In fact, one just checks that the compatibility condition Φyτ = Φτy, namely, Uτ−Vy+[U, V ] = 0
generates the equations (15).
We now introduce a transformation
Φ = TΦ, (18)
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which transform the Lax pair (16) and (17) into a Lax pair of Φ
Φy = U Φ, U = (Ty + TU)T
−1, (19)
Φτ = V Φ, V = (Tτ + TV )T
−1, (20)
where U and V have the same as U and V except that Q and r are replaced byQ and r, respectively.
It is clear that (Q, r) is a new solution of (15).
According to the form of U , we select the elementary Darboux matrix of the KdV hierarchy
T =
( −δ 1
δ2 − λ1 + λ −δ
)
, detT = λ1 − λ, (21)
where
δ =
φ1y
φ1
, (22)
and φ = (φ1, φ1y)
T is a solution of the Lax pair (16) and (17) with λ = λ1. The function δ satisfies
the following Riccati equations
δy = λ1 +Q− δ2, (23)
δτ =
r
2α2
+
Qr
2α2λ1
− ryy
4α2λ1
+
ry
2α2λ1
δ − r
2α2λ1
δ2. (24)
From the above discussions, we give the following propositions.
Proposition 1. The matrix U determined by the second expression of (19) has the same form
as U , namely
U =
(
0 1
λ+Q 0
)
, (25)
where the transformation formula from original potential Q into new one is given by
Q = Q− 2δy = −2λ1 −Q+ 2δ2. (26)
Proof. Substituting T and U into the right hand side of the second expression of (19) and
(23), we can get the conclusion
(Ty + TU)T
−1 =
(
0 1
λ+ (−2λ1 −Q− 2δ2) 0
)
=
(
0 1
λ+Q 0
)
= U. (27)
The proof is completed.
Proposition 2. The matrix V determined by the second expression of (20) has the same form
as V , in which original potentials Q and r mapped into new potentials Q and r according to the
transformation
Q = Q − 2δy = −2λ1 −Q+ 2δ2,
r = r − 2α2δτ = 1
2λ1
(−2Qr + 2rδ2 − 2ryδ + ryy).
(28)
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With the aid of (23) and (15), we list ry and ryy as follows
ry = − 1
λ1
(−2rδ(λ1 +Q− δ2) + (λ1 − 2δ2)ry + δryy), (29)
ryy =
1
λ1
(2r(λ21 +Q
2 − 4λ1δ2 + 3δ4 + 2Q(λ1 − 2δ2))
+ 2(3λ1 +Q)δry − 6δ3ry − (2λ1 +Q)ryy + 3δ2ryy).
(30)
Proof. Substituting T and V into the right hand side of the second expression of (20) and
using (29)-(30), we can get the conclusion
(Tτ + TV )T
−1 =


1
λ
q
(−1)
11
1
λ
q
(−1)
12
q
(0)
21 +
1
λ
q
(−1)
21 −
1
λ
q
(−1)
11

 := Γ, (31)
where
q
(−1)
12 = q
(0)
21 =
1
2α2λ1
(−Qr + rδ2 − δry + 1
2
ryy) =
1
2α2
r,
q
(−1)
11 = −
1
4α2
(− 1
λ1
(−2rδ(λ1 +Q− δ2) + (λ1 − 2δ2)ry + δryy)) = − 1
4α2
ry,
q
(−1)
21 =
1
4α2λ1
(−2λ1 −Q+ 2δ2)(−2Qr + 2rδ2 − 2δry + ryy)
− 1
4α2
[
1
λ1
(2r(λ21 +Q
2 − 4λ1δ2 + 3δ4 + 2Q(λ1 − 2δ2))
+ 2(3λ1 +Q)δry − 6δ3ry − (2λ1 +Q)ryy + 3δ2ryy)]
+
1
2α2
[
1
2λ1
(−2Qr + 2rδ2 − 2ryδ + ryy)]
=
Q r
2α2
− ryy
4α2
+
r
2α2
.
(32)
Thus Γ = V . This completes the proof.
According to propositions 1 and 2, the transformations (28) map the Lax pair (16)-(17) into
the Lax pair (19)-(20) with the same type. Therefore, both of the Lax pairs lead to the same
soliton equation (15). The transformations (28) is usually called DT of the soliton equation (15).
With the help of the DT (28) and proposition 1 and 2, the mew solutions of the soliton equation
(15) can be generated with the seed solution (any constant value (Q0, r0) is a solution).
To complete the solution u(x, t) of the DGH equation (4), we have only to obtain the coordinate
transformation between x, t and y, τ . When λ = 0, equations (5) and (13) become
ψxx =
1
4α2
ψ, (33)
φyy = Qφ. (34)
For equation (33), we may choose a solution ψ to be ψ = e
x
2α . For equation (34), we have a solution
φ+0 = e
√
Q0y (or φ−0 = e
−√Q0y) and another solution can be obtained by(
φ[1]
φ[1]y
)
= T |λ=0

 φ+0
φ+0y

 =
( −δ 1
δ2 − λ1 −δ
)
 φ+0
φ+0y

 . (35)
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Thus the relation φ[1] = r
1
2ψ yields
e
x
2α =
φ[1]√
r
, (36)
which gives rise to the following relation
x = α ln
φ2[1]
r
= α ln
(−δφ+0 + φ+0y)2
r
. (37)
On the other hand, from (9) it is easy to see t = τ .
If starting from a nonzero seed solution (Q0, r0) of the equation (15) and substituting this seed
solution into the Lax pair (16)-(17), their two basic solutions are chosen as
Φ =
(
φj
φjy
)
=
(
cosh ξj
Ωj sinh ξj
)
, j is odd number, (38)
and
Φ =
(
φj
φjy
)
=
(
sinh ξj
Ωj cosh ξj
)
, j is even number, (39)
where
ξj = Ωj
(
y +
r0
2α2λj
τ
)
, Ωj =
√
Q0 + λj . (40)
By applying (38)-(39), (28) and (12), we can obtain N -soliton solutions for the DGH equation
(4).
Case 1 (j = 1). Noticing equation (22), we have
δ1 = Ω1 tanh ξ1, (41)
where ξ1 = Ω1
(
y +
r0
2α2λ1
τ
)
and Ω1 =
√
Q0 + λ1.
Substituting (41) into (28), we obtain
Q1 = Q0 − 2Ω21sech2ξ1, r1 = r0 −
r0Ω
2
1
λ1
sech2ξ1. (42)
Substituting r1 and δ1 into (12) and (37), we arrive at the one-soliton solution of the DGH equation
(4)
u = r21 − α2r1(ln r1)yτ =
(λ21 sinh
2 ξ1 + λ1Q0 + 2Q
2
0)r
2
0
λ1(λ1 sinh
2 ξ1 −Q0)
,
x = α ln
(−δ1φ+0 + φ+0y)2
r1
= α ln
e2
√
Q0y(
√
Q0 − Ω1 tanh ξ1)2
r0 − r0Ω
2
1
λ1
sech2ξ1
,
t = τ.
(43)
This parametric representation of the one-soliton solution of the DGH equation (4) is illustrated
in figure 1, which is a right-going travelling wave. In figure 2, we have adjusted the values of α (
6
as α = 1, 2, 3) so that to have solitary waves shown there, if α has greater value, then wave has
wider body and slower speed.
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Figure 1. One-soliton solution defined by (43) with Q0 = 3/2, r0 =
√
2, λ1 = −1, α = 1,
and (a) u at t = −6, (b) u at t = −1/2, (c) u at t = 6.
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Figure 2. One-soliton solution defined by (43) with Q0 = 3/2, r0 =
√
2, λ1 = −1,
the dotted line is for α = 1, the dashed line is for α = 2, and the solid line is for α = 3.
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Case 2 (j = 2). According to the Lax pair (16)-(17), their solution can be written as
Φ = TΦ|λ=λ2 =
( −δ1 1
δ21 − λ1 + λ2 −δ1
)(
sinh ξ2
Ω2 cosh ξ2
)
=
( −δ1 sinh ξ2 +Ω2 cosh ξ2
(δ21 − λ1 + λ2) sinh ξ2 − δ1Ω2 cosh ξ2
)
,
(44)
where ξ2 and δ1 are given in (40) and (41), respectively.
Noticing equation (22) and (44), we have
δ2 =
(−δ1 sinh ξ2 +Ω2 cosh ξ2)y
−δ1 sinh ξ2 +Ω2 cosh ξ2 =
(−Ω1 tanh ξ1 sinh ξ2 +Ω2 cosh ξ2)y
−Ω1 tanh ξ1 sinh ξ2 +Ω2 cosh ξ2
= [ln(−Ω1 tanh ξ1 sinh ξ2 +Ω2 cosh ξ2)]y .
(45)
Based on the formula (28), we have
Q2 = Q0 − 2Ω21sech2ξ1 − 2 [ln(−Ω1 tanh ξ1 sinh ξ2 +Ω2 cosh ξ2)]yy ,
r2 = r0 − r0Ω
2
1
λ1
sech2ξ1 − 2α2 [ln(−Ω1 tanh ξ1 sinh ξ2 +Ω2 cosh ξ2)]yτ .
(46)
From the formulas (12) and (37), we arrive at the two-soliton solution of the DGH equation (4) in
parametric form
u = r22 − α2r2(ln r2)yτ ,
x = α ln
(−δ2φ−0 + φ−0y)2
r2
,
t = τ,
(47)
where δ2 and r2 are given in (45) and (46), respectively. The interaction of the two-soliton solution
(47) is shown in figure 3.
Case N (j = N). Generally, we can get N -soliton solution of the DGH equation (4) as follows
u =

r0 − 2α2 N∑
j=1
δjτ


2
− 2α2

r0 − 2α2 N∑
j=1
δjτ



ln

r0 − 2α2 N∑
j=1
δjτ




yτ
, (48)
x =


α ln
(−δNφ+0 + φ+0y)2
r0 − 2α2
∑N
j=1 δjτ
, if N is odd number,
α ln
(−δNφ−0 + φ−0y)2
r0 − 2α2
∑N
j=1 δjτ
, if N is even number,
t = τ,
(49)
where
δj =
(−δj−1φj + φjy)y
−δj−1φj + φjy , δ1 = Ω1 tanh ξ1, (j = 2, 3, . . . , N), (50)
and φj , (j = 2, 3, . . . , N) are given in (38)-(39).
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Figure 3. Two-soliton solution defined by (47) with Q0 = 3/2, r0 =
√
2, λ1 = −1, λ2 = −2/3, α = 1,
and (a) at t = −10, (b) at t = −2, (c) at t = 0 , (d) at t = 2 , (e) at t = 10.
3 Multi-peakon solution
In the next, we shall derive multi-peakon type solutions to the DGH equation (4).
Case 1 (n = 1). Let us suppose that one-peakon solution of the DGH equation (4) is of the
following form
u(x, t) = p1(t)e
−|ξ1|, ξ1 =
1
α
(x− q1) (51)
where p1(t) and q1(t) are functions of t needed to be determined. In this case, it is obvious to see
that function u(x, t) do not has the first order derivative at the point x = q1(t), but we can obtain
their derivatives ux, m, mx and mt in the weak sense as follows
ux = −p1
α
sgn (ξ1) e
−|ξ1|, m = 2p1δ (ξ1) , (52)
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mx =
2p1
α
δ′ (ξ1) , mt = 2p1tδ (ξ1)− 2p1q1t
α
δ′ (ξ1) , (53)
where δ (ξ1) denotes delta distribution function.
Substituting (51)-(53) into Eq. (4) and integrating in the distribution sense, we can readily
get
p1t = 0, q1t = c0 + p1. (54)
From (54), it is easy to see that we may have
p1 = c, q1 = (c0 + c)t+ η0, (55)
where c, c0 and η0 are three arbitrary constants. Substituting (55) into Eq. (51), we obtain a
one-peakon solution of the DGH equation (4) as follows
u = c e
−
∣
∣
∣
∣
∣
1
α
(x−(c0+c)t−η0)
∣
∣
∣
∣
∣
. (56)
This one-peakon solution (56) was found in [5] by bifurcation method.
Case 2 (n = 2). We assume that the DGH equation (4) admits two-peakon solution as follows
u = p1e
−|ξ1| + p2e−|ξ2|, ξi =
1
α
(x − qi), (i = 1, 2), (57)
where p1 , p2 , q1 and q2 are functions of t needed to be determined. By a direct calculation in the
distribution sense, we have
ux = −p1
α
sgn (ξ1) e
−|ξ1| − p2
α
sgn (ξ2) e
−|ξ2|, (58)
m = 2p1δ (ξ1) + 2p2δ (ξ2) , mx =
2p1
α
δ′ (ξ1) +
2p2
α
δ′ (ξ2) , (59)
mt = 2p1tδ (ξ1)− 2p1q1t
α
δ′ (ξ1) + 2p2tδ (ξ2)− 2p2q2t
α
δ′ (ξ2) . (60)
Substituting (57)-(60) into Eq. (4) and integrating through test functions yield the following ODE
dynamical system
p1t =
2α− 1
α2
p1p2sgn
(
1
α
(q1 − q2)
)
e
−
∣
∣
∣
∣
∣
1
α
(q1−q2)
∣
∣
∣
∣
∣
, q1t = c0 + p1 + p2e
−
∣
∣
∣
∣
∣
1
α
(q1−q2)
∣
∣
∣
∣
∣
, (61)
p2t =
2α− 1
α2
p1p2sgn
(
1
α
(q2 − q1)
)
e
−
∣
∣
∣
∣
∣
1
α
(q2−q1)
∣
∣
∣
∣
∣
, q2t = c0 + p2 + p1e
−
∣
∣
∣
∣
∣
1
α
(q2−q1)
∣
∣
∣
∣
∣
. (62)
We shall discuss all possible values of α in the following cases.
Subcase 2.1 Take α = 12 , Eqs. (61)-(62) become the following equations
p1t = p2t = 0, q1t = c0 + p1 + p2e
−|2(q1−q2)|, q2t = c0 + p2 + p1e−|2(q2−q1)|. (63)
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Solving Eq. (63), we have
p1 = c1, q1 = (c1 + c0)t− c2
c1 − c2 ln(1 + e
−(c1−c2)t−η0) + C1, (64)
p2 = c2, q2 = (c2 + c0)t− c1
c1 − c2 ln(1 + e
−(c1−c2)t−η0) + C2, (65)
where c0, c1, c2, C1, C2, and η0 are constants. Substituting (64)-(65) into (57), we get a two-peakon
solution
u = c1e
−|2(x−q1)| + c2e−|2(x−q2)|, (66)
where q1 and q2 are given in (64)-(65). The dynamic behaviors of the two-peakon wave (66) are
shown in figure 4.
HaL
-2
-1
0
1
x
-2
-1
0
1
t
1
2
3
u
Figure 4. Two-peakon solution defined by (66) with c0 =
1
2
, c1 = 2, c2 = 1, C1 = 2, C2 = 1, η0 = 0.
Subcase 2.2 Take α 6= 12 , α 6= 0 and Λ = 2α−1α2 in (61)-(62), we have
(p1 + p2)t = 0. (67)
By the above equation, it is easy to see that there are the following relations
p1 = p, p2 = −p+ Γ, (68)
where p = p(t) is a function of t, and Γ is a integration constant.
Without loss of generality, we take Q = 1
α
(q1 − q2) > 0 and combine Eqs. (61)-(62), we are
able to get
αQt = (2p− Γ)
(
1− e−Q) . (69)
From the first equation of (61)-(62) and (68), we have
Q = − ln
(
− pt
Λp(p− Γ)
)
. (70)
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Combining (69) and (70) leads to
αΛp(p− Γ)ptt + Λp(Γ− p)(Γ− 2p)pt + (αΛ− 1)(Γ− 2p)p2t = 0. (71)
For Eq. (71), we shall give some examples as the follows.
Example 1. Let choosing α = 1, we have
pt + p
2 − Γp = d, (72)
where d is a integrate constant. Based on the solutions of the Eq. (72), we shall construct three
type of two-peakon solutions of the DGH equation (4).
(i) For d > −Γ
2
4
, Eq. (72) leads to
p =
Γ
2
+∆coth∆(t− η0), ∆ =
√
d+
1
4
Γ2. (73)
Substituting (70) and (73) into the second equation of (61)-(62), we obtain
q1 =
(
Γ
2
+ c0
)
t+ ln
∣∣∣∣Γ2 sinh∆(t− η0) + ∆cosh∆(t− η0)
∣∣∣∣+ C1, (74)
q2 =
(
Γ
2
+ c0
)
t− ln
∣∣∣∣−Γ2 sinh∆(t− η0) + ∆cosh∆(t− η0)
∣∣∣∣+ C2, (75)
where ∆ =
√
d+
1
4
Γ2 and η0, C1, C2 are integrable constants.
Therefore, we have the first type two-peakon solutions of the DGH equation (4) as
u =
[
Γ
2
+∆coth∆(t− η0)
]
e−|x−q1| +
[
Γ
2
−∆coth∆(t− η0)
]
e−|x−q2|, (76)
where q1 and q2 are given in (74)-(75). In figure 5, we have described the interaction processes of
the first type two-peakon solutions (76). The head on elastic collision of two-peakon waves (76) is
illustrated in figure 5. This interaction is very similar to that of two peakons of the CH equation.
(ii) For d < −Γ
2
4
, Eq. (72) leads to
p =
Γ
2
+ Ω tanΩ(t− η0), Ω =
√
−d− 1
4
Γ2. (77)
Substituting (70) and (77) into the second equation of (61)-(62), we obtain
q1 =
(
Γ
2
+ c0
)
t− 2 ln | cosΩ(t− η0)|+ ln
∣∣∣∣Γ2 cosΩ(t− η0) + Ω sinΩ(t− η0)
∣∣∣∣ + C1, (78)
q2 =
(
Γ
2
+ c0
)
t+ 2 ln | cosΩ(t− η0)| − ln
∣∣∣∣−Γ2 cosΩ(t− η0) + Ω sinΩ(t− η0)
∣∣∣∣+ C2, (79)
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where Ω =
√
−d− 1
4
Γ2 and η0, C1, C2 are integrable constants.
So we have second type two-peakon solutions for the DGH equation (4)
u =
[
Γ
2
+ Ω tanΩ(t− η0)
]
e−|x−q1| +
[
Γ
2
− Ω tanΩ(t− η0)
]
e−|x−q2|, (80)
where q1 and q2 are given in (78)-(79). In figure 6, the period structure of the second type two-
peakon solutions (80) is described. It can be seen that this solution (80) has singularities.
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Figure 5. The first type two-peakon solution defined by (76) with c0 =
1
10
, d = 1, C1 = C2 = η0 = 0, Γ =
1
100
.
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Figure 6. The second type two-peakon solution defined by (80) with c0 = − 1100 , d = −2, C1 = C2 = η0 = Γ = 0.
(iii) For d = −Γ
2
4
, Eq. (72) leads to
p =
Γ
2
+
1
t− η0 , (81)
13
where η0 is an integrable constant.
Substituting (70) and (81) into the second equation of (61)-(62), we obtain
q1 =
(
Γ
2
+ c0
)
t+ ln
∣∣∣∣Γ2 (t− η0) + 1
∣∣∣∣+ C1, (82)
q2 =
(
Γ
2
+ c0
)
t− ln
∣∣∣∣−Γ2 (t− η0) + 1
∣∣∣∣+ C2, (83)
where η0, C1 and C2 are integrable constants.
So we have the third type two-peakon solutions for the DGH equation (4)
u =
[
Γ
2
+
1
t− η0
]
e−|x−q1| +
[
Γ
2
− 1
t− η0
]
e−|x−q2|, (84)
where q1 and q2 are given in (82)-(83). Figure 7 show the profiles of the third type two-peakon
solutions (84).
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Figure 7. The third type two-peakon solution defined by (84) with c0 =
1
100
, C1 = C2 = η0 = 0, Γ = 2.
Example 2. For Λ 6= 0, we obtain a particular solutions of Eq. (71) as
p =
AΓ
A+Be−ΛΓt
, (85)
where A and B are integrable constants. Substituting (85) into (68) and (61)-(62), we get
p1 =
AΓ
A+Be−ΛΓt
, p2 = − AΓ
A+Be−ΛΓt
+ Γ, (86)
q1 = (Γ + c0)t+ C1, q2 = (Γ + c0)t+ C2, (87)
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Figure 8. The solitoff structure in the DGH equation defined by (88) with C1 = 6, C2 = 1, Γ = 2, c0 = A = B = 1,
and (a) at α = −1 +
√
2, (b) at α = 1, (c) at α = 1
3
(1 + i
√
2), (d) at α = 1
2
(1 + i), (e) at α = 1
3
.
where C1 and C2 are integrable constants. Substituting (86)-(87) into (57), we have a solution of
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the DGH equation
u =
AΓ
A+Be−ΛΓt
e−|x−q1| +
[
− AΓ
A+Be−ΛΓt
+ Γ
]
e−|x−q2|, (88)
where q1 and q2 are given in (87). Figure 8 plot the solitoff structure of the DGH equation for
several values of α.
Case N (n = N). In general, we suppose N -peakon solution of the DGH equations (4) has the
following form
u =
n∑
j=1
pj(t)e
−| 1
α
(x−qj(t))|. (89)
Substituting (89) into the DGH equation (4) and integrating through test functions, we obtain the
N -peakon dynamical system as follows
pjt = Λpj
N∑
k=1
pksgn[
1
α
(qj − qk)]e−|
1
α
(qj−qk)|, (90)
qjt =
N∑
k=1
pke
−| 1α (qj−qk)| + c0, (j = 1, 2, . . . , N). (91)
Thus, N -peakon solutions of the DGH equation are obtained by simply superimposing the single
peakon solutions and solving for the evoluting of their amplitudes pj and the positions of their
peakons qj .
4 Conclusions
In this paper, the DGH equation (4) is mapped to a negative order KdV equation with the help
of the reciprocal transformation. And the multi-soliton solutions of the DGH equation (4) are
obtained by the Darboux transformation to the negative order KdV equation. Further, the multi-
peakon solution of the DGH equation (4) are obtained by direct computation. And also, the
numerical simulations for multi-soliton solutions and multi-peakon solution of the DGH equation
(4) are given.
By comparing with known results of the DT [17, 18] and direct computation method [15], our
main achievements are as follows:
(i) The part of this paper refines Xia-Zhou-Qiao’s procedure [18] for solving the DGH equation
(4) for a multiple soliton solutions by Darboux matrix approach. Some proofs of the DT and the
reciprocal transformation are discussed in detail. The parameter α plays an important role in the
soliton solution of the DGH equation (4). As α increases with value, the wave becomes more and
more widely, as well as its velocity becomes more and more slowly (see figure 2). An interesting
16
phenomenon was found in [17]. Such as the soliton with smaller amplitude can travel faster than
the one with larger amplitude when they interact. In this paper, we arrive at the usual result that
a soliton with larger amplitude travels faster (see figure 3).
(ii) By classification of the values of α, several kinds of the multi-peakon solutions of the DGH
equation (4) are obtained in this paper, which including the constant amplitudes, the hyperbolic
function amplitudes, the trigonometric function amplitudes, the rational function amplitudes, and
the exponential function amplitudes. The peakon-antipeakon interaction in the DGH equation (4)
was given in [15], which is very similar to our hyperbolic function result (76) (see figure 5). The
rest of the multi-peakon solutions of the DGH equation (4) are novel.
We believe that these multi-solitons and multi-peakons would help us in recognizing the inter-
action behaviors of the the DGH equation (4).
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